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Quantum many body systems with long range interactions are known to display many fascinating
phenomena experimentally observable in trapped ions, Rydberg atoms and polar molecules. Among
these are dynamical phase transitions which occur after an abrupt quench in spin chains with
interactions decaying as r−α and whose critical dynamics depend crucially on the power α: for
systems with α < 1 the transition is sharp while for α > 1 it fans out in a chaotic crossover region.
In this paper we explore the fate of critical dynamics in Ising chains with long-range interactions
when the transverse field is ramped up with a finite speed. While for abrupt quenches we observe
a chaotic region that widens as α is increased, the width of the crossover region diminishes as the
time of the ramp increases, suggesting that chaos will disappear altogether and be replaced by a
sharp transition in the adiabatic limit.
PACS numbers: 05.30.Rt, 64.60.Ht, 75.10.Jm
I. INTRODUCTION
In the last decades the engineering of long-range in-
teractions in low dimensional quantum many-body sys-
tems has been the focus of many experiments, rang-
ing from Rydberg atoms1–3 to polar molecules4,5 and
trapped ions6–9. These systems give the possibility to
study a rich variety of phenomena which contrast the
non-equilibrium dynamics of systems with long-range in-
teractions to that of short-range ones, such as the vio-
lation of Lieb-Robinson bounds and anomalous propa-
gation of information10–16, the localization of kink-like
excitations17,18 as well as the observation of prethermal
phases and dynamical phase transitions19–26.
It is known that dynamical phase transitions are very
sensitive to the range of interactions22, in fact moving
from short range to long range ones new dynamical fea-
tures emerge. In a recent work27 we have shown that for
power law decaying interactions (J(r) ∝ 1/rα) the dy-
namical properties are very sensitive to the precise value
of the power law exponent α. In particular, for quan-
tum Ising chains subject to a quench in the transverse
field the dynamical phase transition for α < 1 is sharp,
while for α > 1 the critical point fans out in a crossover
chaotic region where the dynamics and the asymptotic
state depend sensitively on the system parameters 27.
While the overall dynamics is dominated by long-range
correlations among spins, the key ingredient to observe
chaos appear to be residual short range correlations27–29
which effectively damp the order parameter dynamics. In
the chaotic region, the spin system behaves collectively
like a tossed coin: initially the magnetization flips peri-
odically between positive and negative values along para-
magnetic trajectories, until the damping produces relax-
ation and localization on stable ferromagnetic trajecto-
ries with pseudo-random asymptotic magnetization27–29.
The robustness of this chaotic region can be investi-
gated by taking out of equilibrium the system with a lin-
ear ramp. Changing the control parameter with a finite
velocity, in fact, can affect the interplay between nonequi-
librium dynamics and dissipation suppressing chaos in
favour of regular dynamics. Intuitively, while an abrupt
quench is analogous to a fast coin toss, varying smoothly
the system parameters is like placing slowly a coin on
the table, a process that is obviously devoid of uncer-
tainty. In this work we will show that decreasing the
ramping speed of the transverse field in an Ising model
with long range interactions has the same effect: the
chaotic region shrinks in size until the dynamical phase
diagram resembles the equilibrium one in the adiabatic
limit. We will show this using the cluster mean field the-
ory (CMFT)30,31. In the following we first present the
model, a quantum Ising chain with power law decaying
interactions, and its equilibrium phase diagram (Sec. II).
Then we investigate the dynamics when the transverse
field is smoothly switched on with a particular focus on
the robustness of the chaotic region and on the crossover
between randomness and predictability (Sec. III).
II. MODEL AND EQUILIBRIUM PHASE
DIAGRAM
Let us first introduce the model. In this paper we
study the long range interacting quantum Ising chain,
described by the following Hamiltonian
H = − J
N(α)
N∑
i6=j
σzi σ
z
j
|i− j|α − h
N∑
i
σxi , (1)
where σβi are Pauli matrices acting on site i, N(α) =∑N
r=1 r
−α the usual Kac normalization. In Ref. [32] it
was shown that in the 1D case the quantum phase tran-
sition is present for all transverse fields but the critical
exponent at zero temperature are described by mean field
theory only for α ≤ αc = 5/3. In turn, a pure mean field
description would predict, for all α, a sharp equilibrium
phase transition from a ferromagnetic to a paramagnetic
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2phase at h = 2J . Mean field theory is in turn exact for
α < 1, therefore it can be used as a benchmark on the
validity of any other approximation. In order to get a
feeling of what happens for larger α we decided to use
the cluster mean field introduced in Ref. [30, 31] that
accounts for the effects of short range correlations. The
idea is to divide the system into Ncl clusters of size ` liv-
ing in the mean field generated by others and to deduce
the physics of the system from the exact physics of one of
these clusters. As shown in Ref. [27] the CMFT allows
one to write the Hamiltonian as the sum of two parts
H = Hcl +Hmf, with
Hcl = − 1
N(α)
Ncl∑
β
 L∑
i<j∈β
σzi σ
z
j
|i− j|α − h
L∑
i∈β
σxi

Hmf = 2m¯σ
zJeff,
(2)
where β is the cluster index, m¯ = 1L
∑L
i∈β 〈σzi 〉 the mean
value of the magnetization inside the cluster β, Jeff =
1
N(α)
∑Ncl
n=1
J
|nL|α and σ
z =
∑
i σ
z
i . In the whole article
we will consider the ferromagnetic case J = 1 only and
we will set ~ = 1.
To derive the equilibrium phase diagram we solve self
consistently for the ground state of the Hamiltonian (2)
with a precision ε = 1e− 5. We chose the cluster length
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FIG. 1. (Color online). Equilibrium phase diagram for the
quantum long range Ising model in the cluster mean field ap-
proximation obtained with a cluster size ` = 5. The order
parameter 1
`
∑`
i 〈σz〉 (color scale) as a function of the trans-
verse field h and the power law exponent α. A quantum phase
transition from a ferromagnetic to a paramagnetic phase oc-
curs at a critical value hc(α). What emerges is that for α < 1
the critical field coincide with the mean field one while in the
other case it assumes a dependence on the power law expo-
nent.
` = 5. The result is shown in Fig. 1 where the order
parameter m = 1`
∑`
i 〈σz〉 is plotted as a function of the
transverse field h and the power law exponent α. This
result is in perfect agreement with the exact solution of
the model for α < 133. In the regime α > 1 we observe
that the quantum critical point hc(α) assumes a linear
dependence on the power law exponent. From this ob-
servation it is possible to extract a qualitative behavior
of the quantum critical point as a function of α. Inter-
polating the data we find
hc(α) ∼
{
2 if α ≤ 1,
0.7(3.2− α) if 1 < α < 2. (3)
Since our method is essentially a generalized mean field
theory we will use it when the latter describes the equi-
librium transition (α < 5/3). Despite this, it must be
stressed that CMFT is exact for large `.
III. LINEAR QUENCH
Now that we have the equilibrium phase diagram to
benchmark our non-equilibrium investigations, let us fo-
cus on the dynamics following a linear quench of the
transverse field. We have already shown in Ref. 27
that the asymptotic state attained after a sudden quench
strongly depends on the value of the power law exponent
α. For α < 1 the system exhibits the mean-field dynam-
ical quantum phase transition from a dynamical ferro-
magnetic to a dynamical paramagnetic phase at h = J ,
as predicted in the literature33. As soon as α > 1 this
critical point spreads in a critical region where the sys-
tem exhibits chaotic behavior and a strong dependence
on the initial conditions. To investigate the robustness
of this phenomenon we study the post linear quench dy-
namics, considering the Hamiltonian with a transverse
field varied according to
h(t) =
{
0 if t < 0,
h tanh(λt) if t ≥ 0. (4)
The limit λ → ∞ coincides with the sudden quench
dynamics we have already described. Jaschke and
collaborators34 have shown that the physics of the
Kibble-Zurek mechanism holds despite the long range in-
teractions, thus we expect to find in the adiabatic limit
λ→ 0 the same phase diagram as in in Fig. 1. For inter-
mediate values of the slope we expect to obtain informa-
tions on the crossover between the chaotic and regular
dynamics.
To this purpose, we simulated the linear quench dy-
namics using the cluster mean field approach. The
system is initially prepared in the ground state of the
Hamiltonian H0 =
∑
ij Jijσ
z
i σ
z
j , i.e. all spins polarized
along the z direction, and at time t = 0 the trans-
verse field h(t) = h tanh(λt) is turned on. The dy-
namics has been derived integrating self consistently the
Schro¨dinger equation using an explicit embedded Runge-
Kutta-Fehlberg(4,5) step adaptive method35. We have
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FIG. 2. (Color online). Sign of long-time averaged longitudinal magnetization mT (color scale) as a function of the power law
exponent α and the final transverse field h for the different slopes λ = 1, 0.5, 0.05 (respectively from left to right). Yellow points
indicate positive magnetization, green points indicate negative magnetization, blue points indicate zero magnetization. Three
different regimes can be observed. In the left panel we observe a dynamics that is very close to the post (sudden) quench one
and the chaotic behavior is still present. In the right panel we observe the limit λ→ 0 and the dynamics becomes adiabatic, in
fact the equilibrium phase diagram is recovered. Finally, in the central panel we can observe an intermediate regime in which
the dynamics is going towards the equilibrium but some chaotic reminiscence is still present.
fixed for all the simulationsNcl = 10
7. The self consistent
field m is update every dt = 1e−3. The order parameter
we are interested in is the long-time averaged longitudinal
magnetization mT = limT→∞ 1T
∫ T
t∗ dt 〈σz(t)〉. The main
result can be summarized in the phase diagram in Fig. 2
that shows the sign of mT as a function of the power law
exponent α and the transverse field h for three different
value of λ = 1, 0.5, 0.05. The simulation has been run
with ` = 5 evolving the dynamics up to a time T = 200.
The order parameter has been evaluated averaging in the
time window t ∈ [180, 200] after the asymptotic state has
been reached. The times are expressed in unity of J .
From this result we deduce that there are three different
regimes. The first (left panel) is the one of the sharp
ramp in which, except for a small shift of the dynami-
cal critical point, we recover the same dynamical phase
diagram as in Ref. 27 with the same chaotic features.
The second one (right panel) is the limit λ→ 0 in which,
as expected, the chaos is absent and the phase diagram
starts to resemble the equilibrium one with a slight shift
in the critical point. The last regime can be observed for
intermediate value of the ramp slope. As can be observed
in the central panel of Fig. 2, in this regime the system
is slowly moving towards the equilibrium phase diagram
but still displays a chaotic phase. From this analysis
is still not clear how the crossover between the sudden
quench and the adiabatic regime occurs. However, we
can analyze the fine details of the phase diagrams close to
the critical point to extract some qualitative information
on the behavior of the chaotic region. In analogy with
what done in Ref. 27 and 36, we define the maximum
size of the neighborhood ε of points in the parameter
space of the same phase, chaos is defined by the condi-
tion ε = 0. In particular, for a fixed value α, ε(h) is
the size of the biggest square centered in h containing
points with the same sign of the order parameter. In
the upper panels of Fig. (3a) we plot simulations ob-
tained with increasing resolutions (from the left to the
right: δα = δh = 0.005, 0.001, 0.0005) of a portion of
the phase diagram (1.3 < α < 1.5 and 1.1 < h < 1.3).
In the lower panels we plot the respective normalized
neighborhood ε(h)/maxh ε(h) evaluated at α = 1.4 (red
dotted line). It emerges that for these values of the power
law exponent ε→ 0 and the system preserve the chaotic
features displayed in the case of the sudden quantum
quench. When we move toward smaller values of α we
can see that the chaotic region shrinks. This can be ob-
served in the Fig. (3b) where the portion of the phase
diagram with 1.1 < α < 1.3 and 1.4 < h < 1.6 is plotted
as a function of α and h. In the bottom panels the quan-
tity ε(h)/maxh ε(h), evaluated along the line α = 1.15,
is plotted as a function of the final transverse field. It
emerges that the region in which ε → 0 is smaller, sign
that chaos is slowly breaking down. From this analy-
sis we can qualitatively argue that the bigger the power
law exponent the more robust is chaos. Therefore, we
can conclude that the crossover between the chaotic and
the regular dynamics will start first from small power
law exponents and will move toward the bigger ones. A
quantitative analysis of this behavior can be obtained by
looking at the critical value λc of the slope, at fixed α,
below which the transition is sharp. In Fig. 4 we plot λc
as a function of the power law exponent. What emerges
is a linear relation between λc and α. This result con-
firms the intuition that the bigger α the smoother has to
be a quench in order to observe a sharp phase transition.
Finally we want to stress that we expect the chaotic
region disappears for α > 2 in agreement with the ex-
pectations short range Ising model can not support dy-
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FIG. 3. (color online). a) Upper panels: a portion of the phase diagram (1.3 < α < 1.5 and 1.1 < h < 1.3) for three
different resolutions (from the left to the right: δα = δh = 0.005, 0.001, 0.0005). Bottom panels: normalized neighborhood
ε(h)/maxh ε(h) evaluated at α = 1.4 (red dotted line). It emerges that for these values of the power law exponent ε → 0
and the system preserve the chaotic features displayed in the case of the sudden quantum quench. b) Upper panels: a
portion of the phase diagram (1.1 < α < 1.3 and 1.4 < h < 1.6) for three different resolutions (from the left to the right:
δα = δh = 0.005, 0.001, 0.0005). Bottom panels: normalized neighborhood ε(h)/maxh ε(h) evaluated at α = 1.15 (red dotted
line). It emerges that for this value of the power law exponent the region in which ε → 0 shrinks, sign of a regularization of
the dynamics.
namical phase transitions. Unfortunately, the adopted
method does not allow us to investigate the crossover at
α = 2, thus we can not derive details on the dynamics
for shorter interactions.
IV. CONCLUSION
In this paper we have presented the crossover from fast
to slow dynamics in the quantum Ising chain with long
range interactions. First we used the cluster mean field
theory to derive self consistently the equilibrium phase
diagram in the limit α > 1 obtaining an hint on how
the crossover from long range to short range should oc-
curs. Then we used the same method to simulate the
post linear quench dynamics. The results suggest that
there are three different regimes of the dynamics that
can be observed. The first one, for sharp ramp, exhibits
a dynamics that is very close to the post (sudden) quench
one and presents the same chaotic features. In the limit
of infinite slow quench we are in the adiabatic limit and
we recover the equilibrium phase diagram. The last one
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FIG. 4. In this figure we show the behavior of λc as a function
of α. The blue point are the data extrapolated from the nu-
merical results. The red line is the best fit interpolating them.
From this figure we can observe a linear trend confirming the
claim that the higher the power law exponent the slower the
ramp should be to obtain a sharp phase transition.
is an intermediate regime in which the system is slowly
going toward a regular phase but some chaotic islands
are still present. Studying the robustness of the chaotic
region as a function of α and λ we found that the larger
is α the slower has a ramp to be to avoid the chaotic
region.
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